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IV. On Hamilton’s Numbers.—Part I1.

By J. J. Syrvesrer, D.C.L., F.R.S.,
Sawvilian Professor of Geometry in the University of Oxford,
and James Hammonp, M.A., Cantab.

Received March 9, —Read April 19, 1888.

§4 Continuation, to an infinite number of terms, of the Asymptotic Development
Sor Hypothenusal Numbers.

“This was sometime a paradox, but now the time gives it proof.”
(Hamlet, Act II1., scene 1.)

Ix the third section of this paper (‘ Phil. Trans.,” A., vol. 178, p. 311) it was stated,
on what is now seen to be insufficient evidence, that the asymptotic development of
p — q, the half of any Hypothenusal Number, could be expressed as a series of
powers of ¢ — #, the half of its antecedent, in which the indices followed the

sequence
3
2: P} 1’

o

5 1
g

It was there shown that, when quantities of an order of magnitude inferior to that
of (¢ — 7)* are neglected,

p=g=@=rP+3(g—V (- )+t —7);

but, on attempting to carry this development further, it was found that, though the
next term came out t3i5(q — )}, there was an infinite series of terms interposed
between this one and (¢ — r)?, viz., as proved in the present section, between (g — #)!
and (¢ — 7)* there lies an infinite series of terms whose indices are

-9

ﬁ
> 162

H

S5

7
2

oo

5 33 5_
8 ’» 64 28> L

and Whose coefficients form a geometrical series of Whloh the first term is 158 and
the common ratio %

We shall assume the law of the indices (which, it may be remarked, is identical
with that given in the introduction to this paper as originally printed in the
“ Proceedings,” but subsequently altered in the ¢ Transactions’) and write

MDCCCLXXXVIIL —A. K 1.6.88
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66 ' PROFESSOR J. J. SYLVESTER AND MR. J. HAMMOND

p=—g=(@—=rP+5@—r)+1@—7)+@—7)
+H5A(g =7+ 5B(g—7)F+5C(qg—r)
+ 3D (¢ —r)* 4+ 3 E(¢ — )% + &e., ad inf.
St ¢ )

The law of the coefficients will then be established by proving that
| A=B=C=D=E=... =1L

If there were any terms, of an order superior to that of (¢ — 7)* whose indices
did not obey the assumed law, any such term would make its presence felt in the
course of the work; for, in the process we shall employ, the coefficient of each term
has to be determined before that of any subsequent term can be found. Tt was in
this way that the existence of terms between (¢ — )% and (¢ — 7)* was made manifest
in the unsuccessful attempt to calculate the coefficient of (¢ — )% It thus appears
that the assumed law of the indices is the true one.

It will be remembered that p, ¢, 7, ..., are the halves of the sharpened

Hamiltonian Numbers E, ,, E,, E,_,, . . ., and that consequently the relation
E En - En‘— En— —1 En-— - 2)
Bo=1+ (1 2 e ]1.2.)?)( R

may be written in the form

Q(Z(_} —1) _ r@—1)@r—2) | s@—1)(2—2)(2—3)

r=3z+ 2.3 2.3.4
_t(2t—1)(2t—2) (2 — 3) (26 — 4) +u(2u—])(2u—2)(2u—~u)(2u—4z(2u—-5)
2.3.4.5 456
e

The comparison of this value of p with that given by (1) furnishes an equation
which, after several reductions have been made, in which special attention must be
paid to the order of the quantities under consideration, ultimately leads to the deter-
mination of the values of A, B, C, ..., in successlon.

Taking unity to represent the order of g, the orders of

P, q 7, 8t u, v, W, ..

will be .
2, 1, 7‘157 7}7’ ?15“9 '1;6: 'BLz'a
Hence, after expanding each of the binomials on the right-hand side of (1) and
arranging the terms in descending order, retaining only terms for which the order is

superior to &, we shall find

.
64

* In the text above ® representsA some unknown function, the asymptotic value of‘whose ratio to 4
(q¢ — 7)? is not infinite.
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ON HAMILTON’S NUMBERS. 67
p=q
—2qr+ §¢*
+ 1 — 2¢%r 4 33

-
(]

2
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S
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4+ 4+ 4

wlho oo
~ =X

esho
H o Q w b
=

qT‘"’a’.’ﬁ + e . ‘ (3)

-
1)
o}

P=q =37 —dq+ st =8 =% . L (4)

. 5
1 ; '3

oo

. . 3
Order ; 2 ; 2

From (8) and (4) we obtain by subtraction

Order £ 0=3%r—2qr+ 44
» 1 — 35t —2¢'r + L2 ¢
s & + ¢+ 3¢
» 8 + 50+ 5A ¢
” '1%5 + %—: B QT%
. + 30
» 1% +FE¢™+ ... . . . (5)

Changing p, g, r, . . . into ¢, 7, s, . . . respectively, equation (4) becomes
g=1" =3 — Lo @ Lt — 5 — 245

so that, if we assume ¢ = 72 (1 — a), the order of & will be the same as that of P28,
viz, — 3+ = —1

Hence, if we substitute 72 (1 — a) for ¢ in (5), neglecting in the result quantitics of
the order 4, we shall find

= 2gr + 3¢ — st — 29 + 3P g

7 =28 (1—a)+ 451 —3a+ 2o+ o)
— 35— 201 — Ja) + 420%(1 — a)

= L% 4 g%l — kst 50% — 104%

K 2

wlo  wfto
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68 PROFESSOR J. J. SYLVESTER AND MR. J. HAMMOND

while at the same time, since the order of rfa does not exceed &, we have

¢ =11 —a) =i
and in like manner

¢F =i, ¢% =% and o on.

Thus equation (5) becomes

Order 1 0= Lr%a® — Lt + L2
3 ) " 10 .4
» 2 +—1~§73a°—e~¢7“2a+83+817‘f
5 2_ 45 98 s
23 ) + i t + 33 A. 7
9 - 24 ‘S
» 16 + ‘B
17 25 ¢ iz
» B9 + 30
P 33
29 %% + 36 D
¥ 27, pti
., 1§§_8. + g‘-yE 7 + < . (6)
where
o= 38 b LTl pmi Lk 2B 2 ey
order
—_1 —_1 . 5 . 11
4 5 2 ’ 8 > 1
Let
a=%r"%%(1 4 o)
then
e B o " 1 24 3 2
o =55 (Er — & — gttt P+ )
where terms as far as, but not beyond, — % (which is the order of s~%u%) have been
retained. .
Now
p consists of terms whose orders are 2,  §, 1, §,  §  §,..
: 3 . 8 5 1
(1 5 39 35 -l-a 40 a9 8> 162 s .
11 .5 11 _ 3
o 2 39 LE] Ai» s 8» 16 4>
, 1 8 .1 1
o ) 3 ) T a T8 TT16 2 .
Thus the order of & is — 4, and in the above expression all terms of &’ superior to

— 1 have been retained, and consequently (reJectlllg the square of &’ whose order is
— ~) in the first line of (6) we may write

E < — ’
Lda? = 2718 (1 4 20)
2 p—1g6 + iqn‘lsg (l,r —_ g% — _Ltzb -+ 3 _2_ ?,(,5)

% p—lg6 + LRSS - 3 2 p=1gd — 2 p—1g3d + _183t3 + 7“—183%5

I
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ON HAMILTON’S NUMBERS. 69

In the second line of (6) we may reject the whole of o, since-its order is — 1, and

.
1 713 m3 10 7,.20: l 93
i 2 9 ¢

= &% + &,

After substituting their values for the terms in (6) which contain «, and at the
same time dividing throughout by %, we shall obtain

A A

Order 0=23r"1 = Lst 4+ 32
+ 3 — TS — it L § 8P Py
I 10 4 3 A |

: + & r-ls + BB
F:.C ¥
+ & D

+XEM4 ... L. (7)

2

b

2

SOCIETY

b ]

bl

‘2 ?}g S{: Sk el mko =

b

OF
=
0
o

We now write

r=s(1—pB) and B=35s"(1+ 8

where, observing that the values of 8 and 8’ can be immediately deduced from those
of « and o’ by changing 7, s, ¢, . . into s, ¢, %, . . . , it is evident that 8 and B are
both of the order — L; for @ and o are both of the order — 1. Thus (neglecting
quantities whose order is equal to, or less than, §) we have

;};—’}"_186 — %84‘-}- %)_)2
=31+ B+ +F) 3+ 35 (1 =28+ B) =48 + 3 48°
=310 (1+2B) + r s |
=31+ 8 (hs — £ — Fut + v¥ + 5 0°) + S s

g

- . 2 . 4 5
1; 4 L3 — 265 — 20t S + F%ud; AR

A

O
=
Q.
[}
=

N
oot

<
Qo
SN

i6

SOCIETY

—2%7"‘389 — plgh _%7.—183,54,4_ _3_83+,2_5_7. P
=37 (1+36) =L (1+B) =51+ B) + 5+ 575 (1 —56)
=388 — B —%stt(1 +B)
1
9

$—Lstt; — Fstd—Fs7H.

OF
|

Order 8 ;

oj
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70 PROFESSOR J. J. SYLVESTER AND MR. J. HAMMOND

90 4 L6 F A = s b 30+ FAS,
15 17U 4 5 Bri = Py s’ 4 5 BsY
and so on.
Hence (7) becomes

Order- 2 0=2¢ — Lttt
T s — %P — 280t s — 5T+ $i A
» 16 + 300+ Py s+ JB
s % + o 000 4 21 CsV
I 4 2Dt
» 128 +HEsH 4. . . L. (8)

Dividing this throughout by % s, and then writing
s=03(1=—y) and y=3%t""5(1+7y),

we obtain in exactly the same manner as before, merely altering the letters in the
previous work,

Lg=1g6 _ Lygh 4 12
387 st 4 §s

=gub; F+Ftwd— b — Tttt St 20 A utul,

(E<)

WON PN 3 . 5
Oldel 8 16

@
1o

-
Ol
W

where quantities of the order §, or less, are now neglected.
Similarly

a7 8T — [T — Tt o B3 — Fo7 U 4 § A
FE(L+3y) = H P (L+y) —tut (L +y)+§6 — 35(1 + 2y)
+3AP (1 —3y)

Il
b

Il
—~~ o~
o woho

Order 8 ; &

sTHUP 4 Fud 4+ F Bs = w4 Lo + L. Be
25571008 + H 08 = F 008 4 B0,
and so on.
Thus (8) becomes
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ON HAMILTON’S NUMBERS. 71
Order £ 0=3%us —ftut+ (3A—1%)8°
» TE gt — % ud — Futt (S — T A) e — it 4 4B
» By + §udvd + & 0f 4 3 C8f
. # s 4 3 DP
T + L E# 4+ L

Now the terms of the highest order in this equation must vanish when we write
¢t =u? and therefore § — %+ 3 A — 145 =0, which gives A =1+ Substituting
this value for A, we find

Order 3 0=2ud — Liut+ 4¢3
» 5 + St — b — Futvt  §od — Fem T + 3Bt
v W + 300 o O
29 %;"47? + _4&5_ uduP + %: D
s 1S + B4

which is a mere repetition of equation (8), with all the letters moved forward one

place. Hence it is evident that, if we treat this equation as we treated (8), we shall

find B = 11, arriving, at the same time, at another equation which will be merely a

repetition of (8), with all its letters moved forward two places ; and this process can

be continued as long as we please. '
Thus we arrive at the result—

and the asymptotic development for Hypothenusal Numbers

p—qg=@g—"+5@—+1rslg—)+s@—7)
Rt TR o VR LR TR AR
is established.
Comparing this with the corresponding formula for Hamiltonian Numbers,

p=¢—11¢+a¢+d+a"+ .. +¥)+ By,

given at the beginning of the third section (at the top of p. 802, where the last term
is incorrectly printed E), it will be noticed that each of the two developments begins
with an irregular portion consisting respectively of four and one terms, followed by a
regular series. In the one case the regular portion is 4# (g — 7)f, multiplied by a
series whose general term is 2. (¢ — 7)®"; in the other it consists of a series of terms
of the form ¢®" multiplied by — §¢.
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